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ANALYSIS OF GROUND EFFECT OH THE LIFTING AIRSCREW

By hontgomery Knight and Ralph AL Hefner

SUMHMARY | S

A study is presented of ground effect as applie& td

the lifting airscrew of the type used in moderan gyroplanss T o=
and helicopters., The mathematical analysis of tho prob- ol
lem has been verified by tests made of three rotor models _ .
in the presence of a. large circular "ground plane," A '

method of approximating the decelerating effesct @urigg_:“” T
vértical approach to tho ground has boen devised. The re—
sults of the-study are presonted in the form of conven— oo .
iont charts. - _ o o ey

IRTRODUCTIOH _ : o

. Proximity to %thoe ground has a pronounced effect on

the aerodynamic characteristics of the lifthg airscrew.
Ground effect is therefore of importance in the study of

the landing and the tske-~off gualities of gyroplanes and
helicopters. No comprehensive attack on this problem has
thus far been found by the writers although it has been
mentioned occastonally in the literature (references 1, 2’
and 3), and an approximate mathematical analysis has heen
made by Betz (reference 4). : e s

The investigation described in this report was under-'f N
taken to obtain a general solution of the problem of : S el

ground effect on the lifting airscrew. _It constitutesma" B
portion of a-broad program of research on the lifting T

airscrew that was instituted several yecars ago at the ' -
Georgia School of Technology._ S
L T
The investigation consisted of a mathematical analysis' | '
of ground effect, the validity of which was verified by '
tests of three lifting airscrew models .operating in Proxim..
ity to a large, circular ground plane. A method of approX—
imating the decelorating effect on a 1ifting rotor during =
vertical approach to 'the ground was also devise& and is o
presented in the. _appendix, ) oo R TR e

*
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The presont investigation was conducted by tho staff
of the Guggenheinm Aeronautlcs Division of tho State En-
gincoring Exporimoent Station and has been financed in part
by the National Advisory Committco for Aoromautics. Tho
writers wish to acknowlodge tho valuable aid of Mossrs.

R. H. Fagan and L, I, Turner in conducting the modol tests,
and the excollent work of Mr. W. C. Slocum in constructing
the modols and ground plane,

MATHEMATICAL ANALYSIS

In the approach to the problem -of ground effect from
the mathematical standpoint, it was decided that avplica-
tion of the reflection method to the static~thrust analysis
as developed in reference 5 offered the greatest possibll-
ities, The complexity of the nmathematical analysis made
expedient the followlng assumptions:

1. The number of blades could be taken as infinite.

2. The usual angle approximatlions could be made
because all angles assoclated with the induced
veloclty were small,

‘3. Rotational and radial components of velocity and
tip effects could be neglected.

4, The glipsitream contraction could be neglected.

These assunptions are now generally used in lifting-
airscrew analysocs. It was discovered, howsver, that the
principle of the aerodynamic independence of blade elo-
ments (reference 5) is no longer valid when tho alrscrow
is near the ground; hence an oxact general solution for
ground effect is practieally impossible, An approxinmate
solution was reached by the expedient of specifying, for
anglytical purposes, that the circulation along the ailr-
screw blades be constant, that is, indepsndent of both the
raedlus and the dlstance above the ground,

If the rotating blades are twisted in such a manner
as to keep the circulation along then cobnstant, there are
trailing vortices only at the tips and the roots of the
blades. For a'rotor with iafinitely nmany blades, the
trailing tip vortices form a cylindrical sheet of vortic-
ity of strength k oper unit length,
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When the rotor is a distance pA _abova the ground,
the effect nmay be ropresented by placing a sccond cyiin—
drical vortex sheoet of ogqual longth and streng%h but of
oppositec direction at the end of the first cylinder as
shown in figure 1, Tho first cylindoer, which is associated
with the actual airscrew, is thus Hirrored by the second,

Induced Velocity

In reference 5 1t was shown that the axial induced .
velocity at a point due to a cylindrical vortex sheet was ~ =~ -
i%—%% times the difference in the solid angles T
subtended by the ends of the cylinder. Thus, for a point
P (fig. 1) the induced velocitv in the Z-derCuion due to -~

equal to

cylinder A 1is ‘
1
= - =< e D TTIE
wp (2m o) pp . O
k= 4T ;

az ' R R SR

wheore

I r i

" = circulation

i

o = s0lid angle at P subtendod by ﬁround trace of rotgr

The iInduced volocity due to cylinder B is

Wp = - (v = B)'Z; e T e - s

where B 1s the solid angle at P subtonded dy the re-
flection of the rotor. Adding trhesc two velocities, the’

induced velocity in tho Z-direction at point P is found _
to be : _ _ _ i T

wo= (2n - 20 + B) — - - ST -
4ﬁ - .
Lotting x = r/R, 1 = Z/R, and sotting up tho inte- = -
grals for these solid angles, : -
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1

TT
fl/ 1 -~ x cos g [ 1
T + 1 - 2x cos © J/i +fx3-+-1—2x cos 6

—— .g'-l ].a_e (1)
Jféz + x + 1 - 2Xx cos B

On reducing these eliiptic intesrals to standard formn,

R~ (l+x) </ N (1+x) SR
- x) ( —dx / 4x ):}
(1+=)°" /18 ¥ (1+x)2
- ) [ ( ~
ﬂﬂ?+ (Il.+:c)2 /41 + (1+x)
1 - -4 & ix
* <_1_- 1'> <(1-1-:::) /;12 + (1+x)° ](2)

where F and TI are complete elliptic integrals of the
first and the third kinds, respectively.

HWY
™

v
-_‘.4'\

When the point P 1is in the center of the eylinder,
X = 0, &and w reducss fto

N .J

L/Ea+1 /l+1
When the point P is at the tip of the blade, x = 1,

but the expression im oguation (2) for w beconmes indeter-

ninate. Going back to equation (1), setting x = 1, and
then integrating, the induced veloclty at tlie tlp becomnes

K] g < 3 >-~_ K} - ( 1 )
17+ a 1P+ a4 o/ 17 + 1 /1% +1

Phis expression turns outto be the raesult that would

Wo = ki

(3)

(2)

Wi
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be obtained from cguation (2) if x =1, end it is assuncd

that tho iandoterninateo value 0O Xcew, which arises, is zero.

For this particular indetermninate forrm, however, the
two variables involved are independent, and the indeterni-
nate forn cannot be evaluated by the usual nethods. Equa-
tion (4) is the value obtained when x appfoaches its
linit first and 'isg not,;the value desired. . The value re—
gulred is obtainecd wvhen 6 approaches its limit first,
and then x approaches-its liniting value.. This value is

different fron that obbtained in equation (4),

In order to find the éiffercnce in the two nethoéds,
conslider figure 1, If r approachos R fron cither sgide,
it is obvious that the solid angles o and B earo both
continuous and approach the value they have when r = R,

On the other hand, the sclid anglec ¢f the rotor dlsk it
self, as 1 approackes R fron the inside, is a constant
and is equal to 2w, The so0lid anglc of the rotor disk
when r = R .is w and, when. r approaches R fron the
outsidée, the s0lid angle is zero. ’ _ _ oo

Let

&é) induced velocity approa;héé at tip.fron inside
(wy) induced felociiy 5t the tip: | | |

@;) induced velécity apérogchei at tip irqn.nupside_'

Then, when r = R, ' ‘ ' _ ST

- 20 + ’
(wg) = Z Zi B ¥ C—

+ 2mM - 20 + B
(wt) = 4T k
-y _ B ~ 2o
(wy) = B o 2o : S

LT . . T
Fron these oxpressions, it con be secn. at once that

(wi) = (wy) + 0,25 k

(w;) = (wé) -~ 0.25 k
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Thus, both (wt+) and (v, ) can easily be computod by
using oquation (4). Curves of (wy/k) and (wgyk) agalnst

Z/R are givon in figure 2.

Whon the point P is soncwhere between the ceanter and
the tip (0 < x< 1), it ie oxtrenocly tedious and diffi-
eult to conpute the induced veloclty with a high desree of
accuracy if équation (2) is used., This aifficulty is due
to the présence of the elliptic integral of the third kind
for whilch no tables are available. Thus, the exact solu~
tion is found to be ©f no practical value.

r

Hethods of Approximation

Two methods of approximating the induced velocity be-
tween the extrems values may be used. The first method
is to approximate the integral in equation (1) by Simpson's
rule, This method yielded a satisfactory degree of accu~-
racy for values of Z/R up to 2 except near the tip. As
£—R, and for values of Z/R > 2, it was found impossi-
ble to determine w with any degree of accuracy wilthout
computing & prohibitive numbor of ordinates.

In order to obtain an cxpression that could be used
for the largor values of Z/R, the induced veloclty was
oxpressod as an infinitoc series of Logondre's polynomials.

et € (fig. 3) be a circular vortex ring of strongth
'y the center of which 1s taken to be the origin of -z syg-
tom of polar coordinates. (Hoto that small .r in fig, 3
is a different r +than shown in fig. 1.)

The potontirl at any point, P due to this vortoex
ring is

~

where w 1s the #01id anglc subtonded at P Dby the ring.

If O = 0y, the point P . ig on tho axls of tho cir-
cle and ) )

-—

w_z'n(l-, z )
N/ af o+ 2B
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) LT

Hence LT - T _ -

by @_~ -——-3————>
2 J a2 + 2

Expanding in powers. of r by the binomial theorem,

o n+l - ' | o e—
2 =1 = P (1) @:—L) (5)

1 277 p jue1 N o -

(D =

n

which converges for all valuwes of r great=r than a. From
this result it is possible to deduce the pOuentlal at any
point in space outside a sphere whose radius is a.

The potential souzht is a solution of tke equalion

£ ® = 0 and is symmetrical about the B8-axis. The solu-
tion is therefore capatle of belng expressea as an 1nfi—‘_ﬁf
nite seriss of the form . ) i EAN R

x ) . - —— —x-l__l
® = I B, — Py (cos 8) Af {5a)
n=1 T .
where the B!'s are consbants and the Pn /} terms
are Legendre's polynonmials, ) T an

When 8 = 0, cos 6 = 1, Pn(l) =_£_ anQ//

oo l ~ . - o i =
v o = B, I‘—n ig . . (8) ) -
' n=1 L L - .-:—-—_-— ____..__j"

When 6 = O, the point P 1is on the axis, and egua-
tions (5) and (6) must be identical. Equating coeffi-

cients, solving for the 3's, and substituting them in- T
equation (5a), . . LT

Do VT eyt -
L — P cos . — ]
2 nx=l 23 n—-1 Ln_ ‘ln—l \r %n - i . v o N .

@-_-

if > a N 62

Consgider now a cylindrical vortex sheet of strength k per
unit length. Let the length of the cylinder be Z and let
the Z—axis of a reoctangular set of axes be the axis of the
cylinder (fig. 4). TFurthermore, let the near end of the o
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cylinder be b units from the orlgin and let b Dbe
greater than the radius R.

Consider an elemontary sectlon of the cylinder of
length d%. Since the strength per unit length 1is k,
k = dI'/dZ, and the strength of the clementary section d4Z
is

ar
== 4 = k
a7 Z dz

If the strengtHd is considered to be conccntrated along
the circle splitting thoe contor of the clementary sectlon,
the differcntial of the potentlal at tne point P can be
found by using equation (7), and

n+1
k > - D
0 = £ . (-1) /201

2n
R -1 8
povy, I ( ) P (cos tan —> a4z
n=1 Zzn [n [n-1 /Za+a3 - Rn : % '

(8)

The series in equation (8) converges if ./ 2% + a® > R
and, since b > R, the series converges over the entire
eylinder. ' '

The potential at point P due to the entire cylinder
ig therefore :

b
¢ = 49 37
a4z
Z, +D

But the ianduced velocity in the Z-direction due to the
eylindrical vortex is

30 30 Jb
w =
32 3z

zl+b

To simplify the expréssion for w, let

n+1 , .
W(Z) = k ; (=1) f2o=l'( R®_ ) Py (:os tan“l-i>

B oam 2200 [n [nmy MRl Z
Then
b
w =22 = Y(b) - W(Z +b) (9)
oz

“z,+b
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which is valid as long as b > R.

It is important to note that at P (fig. 4) w is
equal to the difference in the potentials due to the two
ends of the cylindor if they are considered to be vortex
rings of strongth - k, Hence, it 1s clear that the induced
velocity in thoe Z-direction at a point in the end of a cyl-
indrical vortex of length Zl > R is : —

vo= - w(zy) (o)

Honco, tho ground effect on the induced velocity at
any point in the robtor is the differcncoe bPotween egua—
tions (10) and (9) whon both Z, and b are replaced by
Ze. Thus X o

w = % - 2 Y(2) + W2z2) if Z >R (11)
Lot L= E— ’ —
R.. - S
x = §‘_
R

The first few terms of oquation (11) are

S G m o - 3 (Gl e

f; Z;—;—-) By (cos 6 )] + 1l - 2 LB <1 - ) Py (cos 31)

8 5 1N o
Y <Z +x> P4(COS 8,) +i-é— (:LTE-I-—:C—E—> Pg (cos 81):[} (12)

wherc

%
]

4

8; = tan

@
1]
o
©
m
(2]
ﬁlw AL
N
A
l—l
o~
\
’_I
|
1
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Equation (12) was used to compute values of w for
1 =2 and 1 = 3.

The values of w obtained by this second mothod of
approximation were checked againet those found by tvhe first
method. After cross~plotting and fairing, curves were ob-
tained that represent with a falr degree of accuracy the
induced velocity along the blade for various values of
Z/R. These curves are given in figure 5.

‘Thrust

The thrust coefficient 1is expresssed in reference 5 by
the integral : ’

=1
Cp = a, UJ/ (6-c =2 ax _ (13)
whore (fig., 6) e
a, Sslopo of 1ift curve for infinite wing
O rotor solidity (Be/mR)
8 blade incidence
induced flow gngle
r/R

number of blades

W n 8

¢ chord of blades

By assunption, the circulastion ' 1s& constant along
the bplade, and since for constant chord blades (reference
5),

v

Ef ap, (8 -—@l)Qr

[os]

—59- ao (8 -o) QRx
where {2 1g the angular velocity of the rotor,

Thus

[
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27T -
e_ = ——— t i 14
( @) x e ao'Q - constant, (. ?

Equation (13) may now be written

R 1
Crq =:a0_c(e - ) xk/n x dx
(o]
1 :
= = c(g - @) =
5 %o A
or
Cp _ 1 -
= E =3 2o(8, = o5 = | §15)

Equation (14) shows that the thrust is independent of
Z/R on the basis of the assumption that the circulation
I'' is constant along the blade and independent of altitude.
The thrust can therefore be found from the thrust curves
for infinite Z/R obtained in reference 5. Thus, the
thrust coefficient may be expressed as ’

Ic = Tg, — '
1 .
. . : . = -é- a4 ( e-o'-o - cpo'o-) ‘ <'16 )

Total Torgue

" ‘The total torgue coefficient-of'the,lifting;ai}scrqw
may be written (reference 5) as T S :

Q'g .=.l' Q'O--_‘L + Q'O-g +'_ Q'O—S o

Q&; " induced torgque coefficient
O _

’ Qo profilé variation torque cosefficient

€

Qgs minimum_prbfilé torgue coefficient
. (8/40°)

& minimum profile drag coefficient 5

of blades
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. Profile-Variation Torgue

The coefficlent of profile~variation torque is defined -
in reference 5 by the lntegral

: 1
_ v N2 _=
GQE = O eJ/qaoa (g—-p)” x® ax
o
Again by using equation (4),

1/
o 2. _a
GQE = a2 i (6-9p) 'x ‘/’Ta x dx
o]

a.030'€ 2 =
= (B — ) x
2 P

o 2
= 5. -
Q'Ge 2 ( Co CpC’-o )
— a
= Zg TUo

Thus profile~variation torgue is alsoc independent of 2Z/R.

Induced Torque N

Unlike the profile-variation torque, the induced ﬁorque
is not independent of 2Z/R. .

In order to compute the induced torque from the induced
velocity alroady determined, it was found expedient. to do-
rive a relation between the induvuced torque, the thrust, and
the induced velocity for a single finite cylindrical vortex
sheet, and thend to spocializoe the rosult for the case of
the double vortex shoet representing the ground effect.

The induced volocity approaclied at the tip of the
blade for a finitwv cylindrical vortex shaot is

Wo = —:-L...-Q'-E [W(Zz) - W(Zl)]

4 4z
. K ——>1
Solving for dI'/dz
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ar ., _ . 4o . '- 7y
az [W(Z,,) - W(Zl)]
~ x:_——*l
Now
v _ T
4z B4
N 4 .
where . .. 2w,
- oo : . ’ T T

Using these relations, equation (1%7) becomes

Qr 4T wo

27 Wy [Mzg) - w(Zl}]

Solving this expression for w

Ko T

o}

/z Qr fw(z,) - w(ZIJ]
_ L . R
Using tkis value of w_, eguation (17) becomes

2 Qr

= - - (18)
a ;w(Z ) - wul)]
X—1
Fow the induced veloclity an"vieﬁe along the blade is glven
by -
iﬂ ' . . - ‘:..
w = 22 L (z,) - w(z, )T 4
4 - -
. —ﬁ <1 f
Using the value of 4aI'/dZ from equation (18) ‘
( ( Zz) - wl(Z, {
[wiZz) - w(Z : .
X—>1 : :
Now
a :
' =3c 5+ (6 ~9)ar cee R
Be =2 ) 2 T
= T—T_R— —2"9' (U' - QP) TR Q x
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0% 22 (85 - ¥5) ™ R® Q x
=O'21TQ RZTO-

Placing this value of I in equation (19)

_ O0QR Téfa' (w(Zy) - w(Z )] x<y ' (20)
v /B [w(zy) - w(z)]. 7"

The induced torque'is given by the expression
Be ao{/n (6~p) = @ OF r® dr

Be &, R -/P (6-p) x ® OF x® ax
Jo

Since by equation (14), (8-p) x is a constant,
h 1

Qq = -’g Be ag (6-p) x R"'/’ e 0F z° ax
~o

Qy =

vlo mlo

or
a
20‘52 (t—p)x P
.= A w x &x
QO'l ] QR .'0_3, _ | |

o]

Using equation (15),

1

2
Roy =O__;O—waxd.x

(o)

Using the value of w found in equation (20),

1

_ T 3/2 . K 'f . \.
= Zyn)-w( dx.
Qoi N w(Zg)ew(Z, )1?/é UZPI.[W( B Zl?]x< 1) x- ?21)

Jx—>1

In the case of ground effect, instead of the induced
velocity merdly being proportional to the difference in the
solid angles w(Z;) and. w(Z,) _as in'reference 5, a more



NACH Technical Note No. 835 15

complex relationship:r exists. . In-.order to change equation
(21) so that it represents ground effect, replacs
[w(Zg) - w(Z,)] by [w(Z/R,x)/k]" 4w where w(Z/R,x) 1is

the function given by eguation (1).

Hence, in the case of ground effect,

/5_5&3/3 3 w(é,x>:
) = R/ x ax
O3 EZ 2+ 1/= k
fw —'1 J 3
R o i
k

It

1 Z
f'z' = 2k +/‘w<§’x>xdx‘
®=/ay)

' 7 /2 e
= £ (£) T ST L F SR - :
i (R Oo

since the thrust 1s constant.

Then

f's)
q
{

or .

O
Q
I

A convenient method of expressing grouand effect 1s to
plot the change of torque coefficient against altitude for
the condition of oconstant thrust coeffiC1ent The use of
the coefficient (reference 5),

Q' = Qe QG ; .

gives the simplest result

The analysis has shown thqt

Q' = f (Z) v, 2% v 2w LT T
and ' . o '
T 1 3/8 )
Qco = 9 Teb + Re Tl
for '

[N
~—
J
]
8
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The change in torque may thus be written as

Ql
A = QU,
Co
Z
£ (£) + e 15172
=
N 1/ 2
= 4
> 2€ TGo

and thls parameter 1s given in figure 7 for a range of

values of T .
Co

EXPERIMENTAL DATA

In order to verify the foregoing mathematical analy-
sis, tests on three rotor models were nade in the presgence
of a large, circular ground plane. These tests were made
in the open throat of the Georgia School of Technology
9.foot wind tunnel,

Rotor Models

Three rotor inodels with two, three, and four blades,
respectively, and a diameter of 5 fecet were used. The
samc models had been employed previously In the static—
thrust tests (roferonce 5). Each blade had the NACA 0015
profilo and a chord of 2 inchos from tho b-inch radius to
the tip.
izontelly at a radius of 1 inch and werc balancecd about
tho gquarterechord line, which intersectod the axls of rota-
tion., The blade incidonces was adjustablo,

Toest Apparatus

The method of nounting the nodsls and neasuring the
forces is described 4in rofersnco 5., An inproved drive,
however, was used in the prescnt tests. It consisted of a
l~horsepower, throc~phase synchronous motor driving the -
nodel through gearing and_shafts. -Thus, the nodel spood
was constant within small limits at 900 rpm because the
froquency variations in the linc wore negligibdle,
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The  ground plane consisted of a disk of 1/4-inch ply-
wood, 12 feet in diametor, gcnorously reinforced at the back
as shbvn in figure 8. It was. nountcd so as to slido, on a

stecel tube suspended by cables. 4 spring-opcratod pin on-
gaged holes in the tube to lock tho plane in position wifh
"reospoct to- the robtor, which was: tirned into the tunnel down-
wind direction, as shown, Thig arrsangencnt pcrnitﬁei a -
range. of. distances fron 0.25 to 2.20 in terms of the rotor
radins- to be used, - Figurec 9 shows the.. Sut~up with the
mtnreewblade rotor as viewed from tho- entrancb cone of tne
tunnel, - -

The test proceodure consisted of setting tho blades of
the .nodel at a2 givon:angle using the incidence jig deo-
scribed in reference 5, The.rotor was then noufited in- the
_bsuanocl, and the thrust and the torque were noaoured for .
each -position of the. ground plane. T

The exporinental,data thus obtained woere reduced ‘to
the nondimensional forms used in the mathematical ahalysis
witn the ald .of the following equations:

Relo 5 : e e Il
P w_R? Q%-Rg-oa '
. . _ e — . o . L I3 . --.:.--—;:_-.
QO' = Q’O’ Q.o-min R i . -
T - 3( Q,xin) _
g - 2 .3 3 ) '

p T R Q R O ; ' _-'f C e -

where Q.y; is the neasured torque where @ =_O,r__“;
RESULTS AYD DISCUSSICH

A conparison of the results of the tests with those
of the mathonatical analysis is prosented in ‘igura 10.
In each of the sections of figure 10 tho curve of Qo'
against Ty for Z/R = o _is plotted. es obtained from _
table I of referancé_E .The values of the :torque coeffi-
.cient for Z/R = 0,25, o 50, 1.00,:1.,50, and .3.00 have
been cowputpd from tho rolations ip I : .

Qo_t.' = A Q,0.0t
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wheroe - the approﬁriate_values of A havo been obtained fron
figure 7, Thpso curves of Qg ' are: also drawn in the fige
uroecsy and the test poinbts are spotted in for conparison,.

It.will be noted froﬁ these figureé that the agresenent
between the experimental and the analytical values of Qg

is quite good except for Z/R =-0.25-and 0,50 where, as
might be expected, the rotor blades begln to stall at the
larger angles-because of the sharp reduction in induced
velocity, This stalled condition was, of courss, accentuw
ated by the low Roynolds number at which the blades wero
operating during the testal :

The agreement ‘between the experimontal and tho ana-
lytical results is 'all the more notable in that the dis—
tribution of circulation along the blades is ontirely dif-
ferent for the two casses, Even large changes of distri-
bution appear, however, to produce only slight changes in
total thrust and torque, as 1s generally true of airscrews.

Inspection of tables I to III ghows that, for constant-
chord, constant-incidence rotor blades, the torque coeffi-
cient changes very little at distances from the ground
greater than Z/R = 0.50. This form of airscrew might,
therefore, be termed the ¥counstant-torque" type in contia-
digtinction to the hypothetical "constant~thrust”" type
used in the theory.

Evidently then, the constant-torque rotor will experi
ence & change 1n thrust as it approaches the ground, Axn
approximate representation of this thrust variation is
given in figure 11, which was obtained by cross—plotting-
the curvés of figure 10 for constant values of Q.

CONOLUSIOIS

The following conclusions may be arrived at as ‘a re-
sult of this investigation: :

l. On thé assumption that the circulation around the
blades of a 1lifting alrscrow is indepondent of
.radius and ground disbtanoce, the Variation in in-
duced velocity due to ground offect may be set
ap clther as an elliptic integral or as a serios
of Legendre's polynomials.

\’
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2. Ground effect on the-thrust and the torquc of &
lifting airscrow rapidly decreascs with alt1~
tude, beconing practically-neglibible at a height
equal to the rotor diameter.

3, The ground-effect tost data obtained on the
.constant-chord, constant—incidence rotor models
show satisfactory agreement with the calculatod
results., -

4, Thesce tests also indicate that the torque cooffi-
cient is substantially constant except. at very
small heights abeve the groumnd but that thore
is a large thrust-cocefficient increase as the
rotor approaches the ground. o ”

5 It is possible to arrivec at an approximate thoo-
rotical determination of the thrust-coocfficient
variation with grounrnd distance for conventional

constant-incidence rotors by using the constant—- o

torque—-coefficient condition,

Danicl Guggenhein School of Aeronsutics,
Georgia School of Technology,
e Atlantsa, Georgila, Hay 29, 1940,
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APPENDIX

Deceleration Due to Ground Effect

An inportant application of ground effect isg 1ts use

in the vertical landing approach of a helicoptsr,

The doe
celerations thus experienced can be shown to be sufficient-

ly large to afford a nethod of landing such an ailrcrafs

gutonatically and without appreciable shock,

The general equation of notion of a hellicopter in

vertical descent 1is

where
a acceleratlon
n nass of mnachlne
W weight of nachine
T thrust

This equation will have the following forng:

2 I

¥aZ _ oy
g da+b
or
av
__z_g.(T._W)
it w
where

V¥V wvelocity of vertical descent
Z vertical distance above ground
t tine

" Equation (2) may be written

EEAEE = £ (T - W)
W

a4z dt

(1)

(2)
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- D
or V'&V:g(——l az (3)

In stesady deécont at altitudes greater than Z/R = 2.0,
the initial thrust, T,, nay be takon as equal to the

woelght W, and so”

Y av = g (?— - 1) az (e
.  \Io C . - _
- g®R (L '...1> al (5)
' \NTo K .
w'k.t_.ere . . Lot e PR . - s e ) _ l— Dot e — e ———
=2 L

Intograting btoth eides of oguation (5),

v 1 y
A
= viav = [ = ai - al
&R . ”'Eda'”
IR S by - lo -
. 0T L :
' - v -£ 'V ) ) T o '-' ’ PR " B R -
2 B . Ty
where ce
¥, initial vertical veloeity
"y, altitude ratis at which ground effoct bpgomes
appreciable S o
More c@hvéniénﬁiy' o ..
to
TN T
<—?> = l lo * 7 &b (7)
vo . O'o
1 ——

The special case of ¥V =0 at ¥ < 1/ ig of interest

because it represents thg,conditién of landing without
shock. TFor this case, &quation (6) becomes
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ey
v, = 28R [z - ‘o_f %- az} (8)
| 1

(o]

An oxact solution of equations (7) and (8) 1s inpossi-
ble at prosent, because tho exact fornm of TG/TGO = £{1)
ie not known for vertical descont in proximity to tho
ground. An approxingto solution is, howover, possiblc.

It will bo notod ‘in figure 11 that the offect of
changos in Qg' on the ratio TG/TGO is not large. In

addition, a recent investigation (reference 6) on heli~’
copter vertical notion conducted at this institution has
indicated that, for rates of vertical descent up to 20
feet per second, the changes in the thrust or the torgue
of a constante-incildence rotor are snall,

Hence, by the use of a value of of QO} = 3,0, which

is representative of nodorn helicopters, the static-thrust
variation of figure 11 may be used in cquations (7) and
(8) to determine the vertical volocities of approach to
the ground, Tho result is shown 4in figure 12, which givos
a sch of specimen curves that arc illustrative of the ap-
proxinagte solution of the problemn, A nore oxact doeternl-
natlion would, of course, requiro taking into account the

. snall effect of velocity on thrust and torque.

Exanple

The following exanplce lllustrates the uso of the
curves of figuro 12 for a helicopter rotor of 20-~foot radie-
us standing 10 feet off the ground when the aircraft is at
rest:

Case I: To determine the permissible velocity of dew-

scent V, for "automatic" landing without shock - that

is, V = 0,

The value of Z/R at the ground is 0,50, For this
value at - :

—_— = . 0

= 14,5
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and.

- e e .

Vo

[

J 14.5 R

17,0 fecet per second

Case II: To dotermine the velocity of impact for

Vo > 17.0 feot per second

For

However, since

(o]

ol

.

I

i,

J19.2 R . .
19.6 feet per second
S
: ;9;6 ? ?;i-:g T .Tf*‘_. 07

9.80 feeb-ﬁen-second

It should be noted that, for an incresse of only 2.6

the velocity of impact V changes

~from O to 9.8 feet per second, indicatling that the auto-
matic landing condition is somewhat eritical.

feet per second in

v

[o R 4

Case III: To determine the behavior of this helicop-
ter when V, < 17,0 feot per second would require further
investigation. It is evident that the machine would not
reach the ground and might even perform one or two verti-
cal oscillations beforc coming to the steady condiftion of
hovering. HNo knowledge of the damping coefficient of this
hovever, and the actual behavior of the
airecraft under such conditions cannot therefore be predict-—

motion is availadble,

ed with assurance.
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TABLE I

Ground-Effoct Test Data for the Two-Blade Rotor

25

(o0 = 0,0424)

Z/R = 0.25 Z/R = 0.5 L Z/R = 1.0
s . . ', . . - ' .. - '
6 TO" Q'O' I:EO' QO‘. TU QO‘
(deg). .
1 D.41 .0.08 . 0.29 0.03 0.19 0.00
2 1,00 .35 .75 .24 .56 .19
4 2.21 1.03 1.8%7 1.00° 1.52 1,03
6 3.41 2.16 3,13 2..29 2.69 2.49
8 4,20 3.47 . 3.93 | 3.5% 3,52 3.75
10 4,55 4,20 4,31 4.24 3.92 4,52
12 5.36 6.57 5.25 6.42 5.01 6.66
14 6.00 8.50 6,01 9.12 5.84 9,15
Z/R = 1.5 Z/R = 2.0
8 o Q! 7 Q.
(deg) , O (e} (o) (o3
1 0.15 0.00 ‘0.14 0.00
2 <48 .25 .47 .21
4 141 1..05 1.37 1.05
6 2449 2.57 ‘2,46 2.59
8 .3.29 3 .83, 3,35 3,85
10 3.66 4.52 3.59 4.58
12 4,77 6.87 4,70 6.92
14 5.58 9,04 5.56 9.49
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TABLE II

835

Ground-Effect Test Data for the Three-Blade Rotor

(_O' = 00,0636
Z/R = 0.25 Z/R = 0,5 z/R = 1,0

6 Tg - Q' T Qs I Q'
(deg) . '

1 0.25 0,05 0.16 ~0,02 O0.12 0,00
2 560 .18 .43 .Og 033 009

4 -1.38 - .0l 1,09 .43 . .89 .46

6 2411 1,00 1,83 +96 1.55 1,02

8 " '2.83 1077 2'62 1.83 2.31 1.95
10 3469 _3.35 » 3,60 3.50 3.41 3.67

Z/R = 1.5 Z/R = 2.0
6 1y Q! T Q!
o o) (o) (o)

(deg) .

1 0.08 0.00 0.07 0,00

2 .26 .11 .25 b1l

4 . .79 353 «75 43

6 1l.41 1,03 1.37 1.02

8 Sell 1.93 2.08 1,95
10 | 3.19 3.68 3.14 3.68
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5

Teat Data for the Four-Blade Rotor

27

(¢ = 0,0849)
Z/R = 0.25 Z/R = 0.5 Z/R =1.0
8 T Q' i Q! T Q!
o o3 8 (o) o) c
(deg) .
1 0.17 0.02 0.11 0.00 0.07 0,00
2 J40 .05 .28 .03 .20 .03
4 .95 .25 .73 .21 .57 .20
6 1.46 .52 1.24 .52 1,02 .53
8 2.02 .98 1.82 1,00 1.56 1.03
10 2,53 1.55 2.38 1.59 2.15 1,70
Z/R = 1.5 Z/R = 2.0
6 T Q! m Q!
o o g
(deg) o
1 0.05 0.01 0.05 0.00
2 .16 .00 .15 .03
4 .50 .20 A7 .19
6 .93 .53 .89 .52
8 1.42 1,03 1.38 1,02
10 . 1.99 1,70 1.93 1.68
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[ Figs. 4,6
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Figa. 7,10a.

Tig. (7.

Ground Effect on Torque Gosffiocient
at Constant Thrust Coefficient

° |
|~
L1 _ -1
5 - / == P
e
-+
. 1 -
4 -
L~ 1~
L\\/‘//
To- /4//
/*-)A,/
3 D il
: =
Pz
A
ot
2 v Fig.10e.
' / // Ground Xffect on Torqus.
‘a 2R = 2.0
| 7 += 2 bladed Totor, S = 0,0424
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/(/ ©= 4 bladed Totor, - = 0.0E49
Calo. Z/R=2.0
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Figure 8.~ Side view of ground plane mounted
in 9-foot wind tunnel.

.Figure 9.- Three-bladed rotor model and ground plane
viewed from tunnel entrance cone.
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Ground Effect on Torqus.
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Ground Effect on Torque.
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Fig. 10e.

Ground Effect on Torgue,
Z/R = 0,25

+ = 2 Pladed rotor, d = 0,0424

3xp.Points X = 3 Pladed rotor, » = 0,0636
© = & bladed rotor, v = 0,0849

Cale. ZfR =0.25

— ~— Z/R = o  (Ref,B)
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